We extend the treatment given in Paper I for the linear polarization produced from a flat circumstellar envelope with a finite-size light source viewed edge-on to the case of arbitrary inclination.
INTRODUCTION
In a previous paper (Brown & Fox 1989 , hereafter Paper I) we considered only the effect of scatter occultation on circumstellar scattering polarization for the case of an equatorial envelope seen at an inclination of 90°. In this paper we generalize this problem to arbitrary inclination while retaining the other assumptions adopted and discussed in Paper I, namely, (1) we assume an optically thin, single electron scattering envelope with no absorption; (2) we assume a finite-size, spherical light source that is unpolarized, with constant intensity over its surface; and (3) in a binary situation we assume that the secondary is unimportant as a light source, and we consider only those phases of the orbit when the secondary neither occults part of the scattering region nor eclipses the primary. The limitations of these assumptions will be discussed in § 6.
After a general formulation of the problem, we shall obtain expressions for the polarization expected from the specific types of electron distributions considered in Paper I.
2. GENERAL THEORY Consider ( Fig. 1 ) a near-plane distribution of electrons of surface density Q(x, 0) (cm -2 ) at polar coordinates (r, </>) (where r = xR*) centered on a uniform spherical star of radius R* and luminosity L*. Let the observer (E) be inclined at an angle i between the line of sight and the normal to the plane containing Q (Z-axis).
In the frame of the observer, with associated spherical polar coordinates (r, /, i¡/), we can write the contribution to the Stokes fluxes at the Earth associated with a scattering area dA, at a distance d, as dF Q \ dF u) L* Op An d 2 r 2 Q(x, (j))dA sin 2 x cos 2i^, sin 2 x sin 2\¡/ .
We transform from the (*, i/f) observer-oriented coordinates to the (0, </>) star-centered coordinates, which allows the derivation of the polarization from a general planar distribution of electrons. The appropriate transformations are ( Fig. 2 ) cos x = -sin i sin </> , sin / cos i¡/ = cos </>, sin x sin i/f = cos i sin 0 .
The direct flux of unpolarized starlight is F* = LJAnd 2 at the Earth, so that the observed normalized Stokes parameters are Q = Fq/F* and U = Fy/F*, which may conveniently be written as <2 = T 0 sin 2 i + T^l -h cos 2 i), A near-plane distribution of electrons lies in the star's equatorial (XY) plane. The electron distribution extends to a radius aAE*. An observer (E) is inclined at an angle i to the rotation (Z) axis of the star. The observer-sky (x, y, E) axes (also centered on 0) are oriented so that the y-axis coincides with the 7-axis of the stellar reference frame. According to the observer, material directly behind the star is occulted. This occulted region (dark area) is a half-ellipse with a semimajor axis = R* sec i and a semiminor axis = R*. An electron at position P is described in spherical polar coordinates in the stellar frame by (r, 7r/2, 0) and in the observer frame by (r, 
D(x) = (1 -x 2 )
1/2 and <7 0 = --loTT D(x) is the depolarization factor (Cassinelli, Nordsieck, & Murison 1987) , (T x is the Thomson electron cross section, and A 0 is the observed (unocculted) area for the electron distribution. The integrals t 0 , t 1? t 2 are analogous to the integral moments t 0 , t 0 y 3 , t 0 y 4 of Brown, McLean, & Emslie (1978, hereafter BME) . In this case t 0 measures the effective scattering depth. The integrals i! and t 2 are measures of the rotational symmetry and antisymmetry (respectively) of the scattering material in the star's reference frame. Thus, if the material is rotationally symmetric, t 2 = 0.
The area A 0 is the total area of the disk minus the occulted region. From Figures 1 and 2 we can write Y r* Ç2n rß Çn
where with the radius of the disk being a (in units of stellar radii) and for a > sec i, for a < sec /,
3. AXISYMMETRIC DISK Recent observations (Dachs et al. 1986; Waters 1986 ) suggest that AE-type stars have extended, highly flattened circumstellar envelopes. In general such envelopes will be nonaxisymmetric and thus give rise to polarimetric variations during the rotation of the system (see § 4).
In this section, however, we are concerned only with average polarization expected from such a disk rather than its variation with phase, and so we may write Q(x, 0) = Q(x). In this restricted case we have 1/ = 0, and so we may directly write P = Q. Using equations (3)- (8), we can obtain the expression for the polarization of an axisymmetric disk, viz., P = x 0 sin 2 i + T^l + COS 2 0 , with t 2 = 0 and
Note that in equation (9) the r, term vanishes if occultation is ignored, recoverying the P oc sin 2 i result of Brown & McLean (1977) .
Uniform Finite Disk
We set Í2(x) = for 1 < x < a otherwise , and substitute in equations (9)-(l 1) t0 obtain the following expressions for the polarization, i) Point source with no occultation :
ii) Extended source with no occultation :
iii) Point source with occultation : Figure 3 , P 0 , P u P 2 , P are plotted as functions of inclination for various disk radii (a). In general, it is found that for low inclination, occultation slightly enhances the observed polarization (P 2 > P 0 , P > P^), and for high inclination the polarization is reduced (P 2 < P 0 , P < Pi). For a > 2 it is found that the " crossover points " (i.e., when P 0 = P 2 , P x = P) occur at a constant inclination independent of disk size, namely, i ~ 58° for point light source calculations and i ~ 63° for extended light source calculations (we shall refer to the inclination at which this crossover occurs as the " null " inclination). The explanation of this phenomenon results from the vector nature of polarization and can be understood geometrically.
Consider an equatorial disk of material viewed by a distant observer at an inclination i. At low inclinations the integrated polarization of the whole disk will be near zero, with the polarization vector lying in a plane parallel to the system axis projected on the sky (see Brown 1989; Poeckert & Marlborough 1978, Fig. 13 ), while the occulted part of the disk will be polarized perpendicular to the projection axis. So when this is subtracted from the net polarization of the whole disk, the observable polarization is enhanced and lies along the projected axis.
At high inclinations the plane of polarization of the occulted region will be in the same plane as that of the disk as a whole (parallel to the projection axis), and so the net observed polarization will be reduced.
There will be an inclination, therefore, when the plane of polarization for the occulted regon switches orientation, and at this inclination (the null inclination) the net polarization of the occulted region will be zero; thus P = P u P 0 = P 2 . It is clear that for a sufficiently large disk radius the null inclination will be independent of the disk size, because the occulted region (a half-ellipse with a semimajor axis of R* sec i) will be filled with scattering material (if the radius of the disk is greater than R* sec i). In the point light source treatment this null inclination is 58° (from Fig. 3 ). Thus for a disk radius r > 1.9R* the null inclination will be always 58°. In the case of an extended light source treatment the emitted flux will be depolarized; thus, in order for the polarization of the occulted region to be zero, this region will need to be larger than in the point light source approximation, and therefore the null inclination will also be larger (i ~ 63°, and so the semimajor axis of the occulted region will be 2.2RJ.
Infinite Disk with
In a real stellar mass-loss situation the scattering density will fall off with distance from the star. We set Q(x) = Qqx ", where Q 0 is the surface density at the stellar boundary, and in this instance a = oo and ß = sec i. Substituting in equations (9)-(ll)> we then obtain i) Point source with no occultation :
iii) Point source with occultation :
T . 9 f 1 cos" i 1 f secl ' . p H 51 " fe +^r+ ;J, s,n L iv) Extended source with occultation :
x sin i
where B(n/2, 3/2) is the beta function.
From comparison of equations (16)- (19) above with those of Paper I (also numbered eqs.
[16]- [19] ) it is evident that when occultation is neglected the variation of polarization with inclination is precisely the same as predicted by Brown & McLean (1977;  i.e., P oc sin 2 i). Such a simple inclination dependence, however, is lost when occultation is included, because the occulted region also depends on the inclination. One cannot, therefore, expect that equations (18) and (19) apparently correspond to the results of Paper I.
If we consider equation (19) with i = 90°, it can be shown that the second term (of the equation) reduces to iB(n/2, 3/2) while the third term becomes B((n + l)/2, l)/2n and the final term reduces to the last two terms of equation (19) in Paper I. Therefore, the above results are entirely consistent with those of Paper I.
In Figure 4 the polarization values P 0 , P u P 2 , P are plotted as a function of inclination for power indices n = 1,2, and 4. In general it is again found that at low inclination the net polarization is enhanced by including occultation, while at high inclination the net polarization is reduced when occultation is included. For any given power index, the null inclination for a point light source (i.e., P 0 = P 2 ) is always less than the corresponding null point for the extended source case (i.e., P = PJ. This is again due to the depolarization of the occulted region by the extended source, which thus requires a greater inclination (i.e., a larger occulting region) than that of the point light source treatment in order for the net polarization of the occulted region to be zero.
It should also be noted that as the power index increases, the null inclination decreases. This can be physically explained by considering a star with most of the scattering material lying near the stellar boundary. Since most of the polarization will arise near the star, it is reasonable to expect that the occulted region need only be small to make a significant contribution to the polarization. So the greater the concentration of the material about the star, the smaller the occulted region needed, and hence the smaller the null inclination for increasing power index.
ONE-DIMENSIONAL (PLUMELIKE) DENSITY STRUCTURE
We consider the phase variations of a rotating plumelike structure (e.g., accretion stream) superposed upon an axisymmetric disk. Consider a plume in the equatorial plane of the star which rotates at a uniform angular frequency, co. If the plume has linear density A(x), then we must let
At phase angle </> = coi an electron is just occulted at a distance (r = xR*) where
Note that electrons at a distance x > sec i are never occulted, and for a plume of total length less than sec i, total occultation of the plume will occur through some phase of the orbit.
In general, at phase (f) = cot = 2nt/T (where T is the orbital period), we have for the plume (22) and (24) can be inverted to obtain A(x) and /, viz. (0 < 0 < tt), (26) and (27) give two solutions for A(x) for any chosen value of i. The general method of solution will be to seek simultaneous solutions of equations (26) and (27) in terms of fitting A(x) to noisy data, with i as an adjustable parameter with a range constrained by the condition that only solutions A(x) > 0 for all x are acceptable.
If there is sufficient coverage over the phase in which no occultation occurs, then it is possible to find the inclination of the system by use of equations (21) and (23), and therefore this will limit the parameter search required in equations (26) and (27) . For low-inclination systems it is apparent that the inversion procedure will not benefit us in any way, since the density distribution will be determined over only a very short range. In fact, in order to find the distribution to 1R* beyond the stellar surface, an inclination of 60° is required.
When noisy data are being inverted, there is a limit (oversampling) to the number of data points that may be used to obtain meaningful results (Craig & Brown 1986 ). In general the time lapse between any two measurements must be sufficiently large that they are significantly different [i.e., Q(t + ôt) -Q(t) > 2ÔQ]. This condition will depend upon both the inclination and the phase of the orbit. However, it does mean that one cannot hope to obtain arbitrarily more information as to the density structure by increasing the data set. On the other hand, however, if the data are significantly undersampled or unevenly distributed throughout the period, then the density structure may be poorly inferred (undersampling)-that is, a wide range of density structures may have significant fits to the data.
We now illustrate the use of this inversion procedure by constructing noisy data for a plume viewed at an inclination i = 70°, with a density distrubution of the form A(x) = A 0 (l)x _ " with A(l)<7 0 /R* = 0.32/tt and n = 2.0. We will assume, for simplicity, that the data are equally spaced (in time), in which case equations (21) and (23) can be manipulated so that the inclination of the system is obtained by calculating differences, thereby removing all constant polarimetric contributions, viz.,
In equations (26) and (27) we make the approximation
Thus, once the inclination has been found from equation (28), the density functions <7 0 Aq^/R* and cr 0 A^xj/R* can be simultaneously obtained from equations (26) and (27). In practice it has been found that the use of equaton (29) makes equations (26) and (27) sensitive to the absolute value of the polarization, and so all constant contributions should be removed from the data before utilizing this procedure (effectively the equations become dominated by the constant contributions). This is achieved by reconstructing the polarimetric data during out-ofoccultation periods via equations (21) and (23), so that one is able to obtain the constant polarimetric contribuions (ß 0 , U 0 = 0) due to the disk.
We wish then to find what is the single best-fit density function of the form (a 0 A 0 (l)/R s|c )x -" for the data. We do this by varying <7o AoiiyjR* and n, in order to minimize % 2 (Simmons, Aspin, & Brown 1980) , where
and A r j = Ail)*,"" is the theoretical density distribution with free parameters A(l) and n. A 0J is the binned average density of A q (x), A^x), and Gj is the standard deviation of the binned data. (In our particular case there are two sets of A Q and A^ in each bin because the data are symmetric about phase 0.25.) In Figure 5 we show the polarimetric variations, due to the plume (in the absence of noise), presented in the (ß, I/)-plane. The diagram bears much resemblance to those of BME (their Figs. 5 and 6 ). The general form will always be one ellipse totally enclosed within a second ellipse. The outer ellipse describes the polarimetric variation of the plume during phase 0.5-1.0, when no occultation occurs. The inner ellipse, however, is for phase period 0.0-0.5, during which occultation of the plume does occur. The polarimetric difference between the outer and inner ellipse is therefore the polarimetric contribution of the occulted part of the plume. The deviation between the two ellipses will depend upon the inclination and the density structure of the plume. In Table 1 we present the results for i = 70° with a noise level of <5g = 0.001% and ÔQ = 0.01% (ÔQ = SU) with 180 data points. In both cases we have neglected data collected around phase 0.0 (1.0) because at this particular phase there is no measurable difference between Q(t + T/2) and Q(t) (and similarly for U) because of the error in the measurements and/or because a negligible amount of material is being occulted. We have also neglected data collected at phase ~0.25, when the secondary may be occulted, and at ~0.75, when the secondary may also play an important role in occulting some of the plume, or in eclipsing the primary.
We have purposely used oversampled data, i.e., 180 data points, to emphasize the fact that there is a limit to the number of data points that may meaningfully be inverted. In the case of ÔQ = 0.001%, we found that it was possible to invert the data only if every other data point was neglected through the scanned phases. We can see (Table 1 and Fig. 6a ) that the density distribution is recovered very well, with only significant deviation in the recovered data occurring near phase 0.25. By increasing the noise level to SQ ~ 0.01%, we found that the step length had to be doubled and the sampling phase reduced near phase 0.25, as some of the A Q (x) were negative. This is due to the fact that the Q data around phase 0.25 are approximately zero (therefore sensitive to any error present) and, coupled with the approximation of equation (29), can result in A(x) < 0. Figure 6b shows the recovered density distribution for the plume with a noise level of ÔQ -0.01%. In this case there is a marked increase in the scatter of the recovered density distribution compared with Figure 6a .
THE STRUCTURE OF TWO-DIMENSIONAL ENVELOPES
We now reconsider equations (3)-(8) and permit Q(x, 0) = Q 0 / 0 (x, 0) to be distributed in 0 as well as x, and maintain the corotation condition/ 0 (x, 0 O , t) = f 0 (x, </> -cot), where / 0 (x, </> 0 ) is Q(x, 0 o )/^o with 0 O measured in a frame rotating with the envelope from a reference axis which coincides with that of </> when i = 0.
We consider the extent to which properties off 0 can be obtained from the observations of Q(t). 
x sin i dx It can be seen that G 6 (for n = 3.5 and 4.0) becomes infinite around i -60°. This is because M 6 ~ 0 at this inclination, and so (from eq. [52])G 6 becomes infinite (this may be verified analytically for n = 4.0, where M 6 = 0 at sin 2 i = 13/18). (g) Same as (a), but for the Fourier ratio tf 7 . Note that the curve fortf 7 (n = 2) has been excluded because this function is of indeterminate form (i.e., equal to 0/0) for all i; this is due to the fact that Bj = 0 for; > 5 (see eq. 
where 5'{x), T}(x) are the congruous related Chebyshev polynomials. In order to find the coefficients a p b p we need to know the inclination of the system. We can obtain the inclination by taking the ratios of the Fourier coefficients of the data (BME; Simmons 1983), viz., 
while all other Fourier ratios are undefined (i.e., equal to 0/0), agreeing with the results of BME.
In Figures la-7h we show as examples G 2 , G¿, Hj for the first eight harmonics with g 0 (x) ~ x~", for n = 2.0-4.0. We show up to the eighth harmonic only because according to the Riemann-Lebesgue lemma the integrals Aj, Bj -► 0 as/ oo (see Sneddon 1972) , and this, coupled with the fact that we have a finite data set, means that the best we can hope to achieve will be typically the harmonics up to j ~ 8.
From Figures 7a-lh it can be seen that the Fourier coefficient ratios (G j9 Hj) are insensitive to the power index law, except for the high-order ratios at high inclinations, which would suggest that it may not be possible to infer the power index from polarimetric observations (especially with noisy data).
We present now some model calculations with noisy data using 64 data points for a disk with a power index n = 2.0 and envelope coefficients a 0 = 1, Uj = bj =j~2 (for j > 1) viewed at an inclination i = 70°. We intend to demonstrate how, from the polarimetric 0/0 0/0 0/0 0/0 0/0 0/0 data lQ(t), U(tJ] alone, it is possible to infer the inclination of the system, the Fourier coefficients of the envelope distribution, and also the power index in four basic steps.
Step 1 : calculating the Fourier coefficient ratios Gp Hp-We first need to find the Fourier coefficients p p qp Up Vj of the polarimetric data. These may be found by use of the approximation (Champeney 1985) (54) (55) (56) (for more complicated transforms see, for example, Press et al. 1986, chap. 12 , and references therein).
Using equations (54)- (56) with N = 64 data points, it is possible to obtain (with any certainty) the Fourier coefficients up to j = 8. From these coefficients the Fourier ratios (Gj, Hj) are then obtained. Table 2 shows these ratios for various amounts of noise present within the data. It can be seen (and it is intuitively obvious) that as the noise increases, the high-order Fourier ratios become increasingly uncertain (i.e., pjvj ^ -g/wy).
Step 2: inferring the inclination of the system.-Once the Fourier ratios have been calculated from the polarimetric data, it is then possible to determine the inclination of the system by using Figures la-lh. This is done by taking the values of Gj and Hj obtained in Table 2 and reading off the inclination that corresponds to each value of Gj and Hj in Figures la-lh, giving a total of 16 values for the inclination, for a given power index (n). The mean and standard deviation for each set of inclinations is then calculated. The results are shown in Table 3 for power indices n -2-4 and for varying amounts of noise.
It can be seen ( Table 3 ) that independent of the power index and the amount of noise present in the data, the inferred inclinations are consistent with the input value of i = 70°. This means that even with noisy data (e.g., ÔQ = ÔU = 0.1%) and without determining the geometry of the system, it is possible to infer the inclination of the system.
Step 3: inferring the Fourier coefficients (a p b¡) of the envelope.-Once the (mean) inclination of the system has been established (Table 3) , the integrals of equations (44)- (48) can be determined (for given n) and then, together with the Fourier coefficients (p 7 , qj. Up Vj) of the polarimetric data, the Fourier coefficients of the envelope distribution (a,, bj) can be inferred via equations (35) In order to assess how accurately the envelope Fourier coefficients can be determined, we also show (Tables 4 and 5 ) the error (superscript and subscript values) introduced by calculating the envelope coefficients by using the upper and lower limits of the TABLE 3 Inferred Inclination from Figure 7 Using Fourier Ratios of Table 2 Error Index <5Q = 0.001% ¿ß = 0.01% ¿ß = 0.1% 2.0 2.5 3.0 3.5 4.0 Table 3 ). That is, given the inclination i ± Ai, we calculated the Fourier coefficients (a p bj) for the inclinations i, i + Ai, and i -AL The main values of Tables 4 and 5 therefore show a/i) and h/i), while the superscript (subscript) value is the difference between the coefficients evaluated at i and i + Ai (i -Ai), i.e., the superscript values are a/i + Ai) -aß), and the subscript values are aß -Ai) -a/i) (and similarly for the bj coefficients).
One can see that, independent of the power index or the error present within the data, the coefficients with low j values are most sensitive to the value of the inclination.
Step 4: inferring the power index.-In order to infer the power index of the density distribution, the errors associated with the Fourier coefficients (ap bj) must be calculated for each power index. The set of coefficients for which the errors are least indicates that we have found the best fit to the data. In Tables 4 and 5 it can be seen that the errors associated with the coefficients are least for n = 2. Larger errors, as can be seen in Table 5 , would indicate that we are forcing a fit. Hence the power index most closely agreeing with the data set is n = 2. (It should be noted that only the Fourier coefficients for n = 2 and n = 4 are tabulated here for brevity; the above argument, however, remains unchanged when all possible power indices are considered.)
It should be noted that in the point light source analysis of BME, the only Fourier coefficients that have any meaning are the 7 = 0 and j = 2 terms, and hence (in their analysis) the only Fourier ratio that is of determinate form is G 2 . Using the BME analysis, we would still obtain the same Fourier coefficients (p p q p u p Vj) from the data as previously found (except that only the; = 0 and j = 2 terms have any interpretation), and hence the tabulated values of G 2 (Table 2) value of G 2 = 1.9 infers an inclination of i = 73°. Notice, however, that the only recoverable Fourier coefficients of the envelope distribution would be a 09 a 2 , and b 2 (for each power index).
The main difference, therefore, between the BME analysis and the method described above is that in our method it is possible, from the polarimetric data alone, to gain some insight into the error associated with the determination of the inclination of the star and the Fourier coefficients of the envelope. Moreover, it is possible (in our analysis) to attach a physical meaning to the high-order (j > 2) Fourier harmonics present within the data (in terms of the density distribution of the envelope) which cannot be explained by the BME analysis.
The use of polarimetric observations, in order to determine the inclination of binary systems, has already been made use of extensively (BME; Rudy & Kemp 1978; Drissen et al. 1986a, b; Huovelin et al. 1987) . Here, however, we are considering systems consisting of a single star (or binaries with unseen companions) in which density perturbations occurring within the circumstellar disk corotate with the star (see, for example, Mullan 1984; Harmanec 1989) . Polarimetric observations of such (single) stars therefore permit the inclination of the system to be determined, which cannot be achieved by any other observational means. In the particular case of Be stars, this would permit the intrinsic rotational velocity of the star to be known (i.e., V instead of V sin i). This in turn would enable the intrinsic distribution of the rotational velocities among Be stars to be inferred, and hence one would gain clues to whether or not all Be stars are indeed rapidly rotating.
Another interesting feature is that the inclinations of open cluster Be stars could also be found. This would enable one to infer whether or not their inclinations are biased toward a particular value, which one would anticipate to be the case if the stars originated from the same star-forming region.
6. DISCUSSION In our analysis we have made certain simplifying assumptions about the light source and the scattering material in order to analyze the effects of occultation alone.
We have considered the light source to be spherically symmetric despite the fact that Be stars are believed to be fast rotators and thus likely to be ellipsoidal in shape. This would primarily modify the geometrical factors of the problem, namely, the depolarization factor and the occulted region, making the calculations difficult but not changing the quantative results. A secondary effect, however, will be that the star itself will be intrinsically polarized (with the net polarization vector lying in a direction parallel to the equatorial plane ; Cassinelli 1987) . By confining our analysis to early-type stars, however, photospheric polarization can be neglected in the visible region (see Collins 1989) . By assuming that the light source radiates isotropically over its surface, limb darkening has been neglected. The inclusion of such an effect would be to decrease the effective stellar angular radius and thus increase the net polarization. Although we have neglected limb darkening, it can be incorporated into the theory (Brown, Carlaw, & Cassinelli 1989) .
The circumstellar material is considered to be optically thin, and thus absorption effects may be neglected. If absorption within the envelope were to be included, the problem would become wavelength-dependent (e.g., McLean 1978; Haisch & Cassinelli 1976) , and so our analysis is applicable to broad-band photopolarimetry only.
Our results show that for an axisymmetric disk, occultation slightly enhances the net polarization (compared with the situation when occultation is neglected) at low inclination, whereas at high inclination occultation reduces the net polarization.
In the case where a mass-transferring binary can be approximated by an axisymmetric disk with a superposed one-dimensional plume, it is possible to obtain the inclination of the system, the polarization of the disk, and (for sufficiently high inclination) the density structure of the plume from the polarimetric data.
In general it can be anticipated that a circumstellar disk will be asymmetric. It has been found that when the polarimetric variability from such a disk is periodic, it is possible, by Fourier analyzing the polarimetric data, to obtain the inclination of the system and thereby obtain a Fourier expansion for the envelope density distribution (when the radial structure of the disk is of a presumed form).
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